Expressions (in closed form ) are derived for the first five deriv atives of the Gri.ineisen a nd Ein stein fun ction s. Rec ursion formula s for the successive derivatives of both fun ctions are also give n. Co mputations are mad e and tabul ar res ults are given for th e first fiv e de rivatives of th~ Gri.ine isen a nd Einstein fun ction s.
Introduction
According to the solid s tate theory of matte r , the mathematical expression for the electrical r esistivity p , of good conductors is (ref. The function CO(8/T) is freque ntly referred to as the Griineisen fu nction. This fun ction is approximately unity for T P 8, which indicates that at high te mperatures electrical resistivity increases linearly with temperature. At very low te mperatures whe re T ~ 8, the Griineisen function can be expressed approximately by CO(8/T) = B (T/ 8)\ which indicates that at very low temperatures electrical resistivity increases with the fifth power of temperature.
For various calculations, the successive derivatives of the electrical resistivity fun ction may be needed_ This req uires a knowledge of the derivatives of the Griin eisen function. Also, it may be possible to make further refinem e nts in the electrical resistivity expression by expanding the resistivity fun ction in th e derivatives of th e Griineisen function. It was obse rved that the derivatives of the Griine isen function contain th e Einstein function and its successive derivatives. The objective of this writing is to obtain expressions for the s uccessive derivatives of the Griineisen and the Einstein fun c tions. 1 Figures in brac kets in d ica te th e litera t ure refe re nces a t th e end of t hi s pape r.
Derivatives of the GrUneisen Function
Defining x= 81T, eq (2) becomes
Differe ntiating eq (3) and simplifying the res ult , one obtains (4)
The Einstein function is defin ed as (5) Substitution of eqs (3) and (5) in eq (4) yields
For convenience, the variable x in the functions CO(x), EO(x) , and in th eir d erivatives
EI (x), etc. will be omitted and will be writte n simply as Co , EO , CI, £I, etc., re spectively. One may note that the superscript numerals on both C and E indicate the order of differe ntiation.
The following is a li st of the first five derivatives of the Gruneisen fu nc tion obtaine d by the sue· cessive diffe rentiation of eq (3) expressed in terms of the lower order derivatives of the Gruneisen and Einstein functions. The recursion for mula for the above is
Where, n is the order of differentiation. It may be seen that the nth derivative of the Gruneisen function is given in terms of its (n-l)th derivative. In order to be able to express the nth deriva· tive of the Gruneisen function in te rm s of the function itself , s uccessive substitutions for the lower order derivatives are made.
The followin g is a li st of th e first fiv e de rivatives of the Griineisen fun ction in te rm s of the Griineisen fun ction and the derivatives of the E in stein function. 
Th e num erical values of the product 5 u ;G lli required for the first seven derivatives of the Griineisen function are given in table l.
It can be seen from eq (1 8) that the relation for the derivative of the Griineisen function con· tain s the derivatives of the Einstein function. The latte r are obtained in the next section.
Derivatives of the Einstein Function
The Ein s tein function is d e fin ed by eq (5). For mathematical conve nien ce, it may be writte n as where ,
Differentiation of eq (20) and simplification yields where ,
The second derivative of EO becomes where, The following is a list of the first fi ve derivatives of the Einstein function obtained by the successive diffe rentiation of eq (20). Th e rec ursion formula for th e above is where, n indi cates the order of differ e ntiation.
Klli are co nstants and ca n be obtained from the following relations Kill =2
Dill are coefficients which are functions of x. The superscript m indicates the order of differentiation. They are expressed by th e followin g equations. where,
The coefficients K"i and Klllj can be re presented as matrix elements. Their numerical values, required for the first seven derivatives of the Einstein function, are given in tables 2 and 3, res pectively. Calculating the derivatives of the Einstein function using eq (32) and subs tituting these in either eq (12) or eq (18) one can obtain the derivatives of the Griineisen function. Since the nth derivative of the Griineisen function contains all lower derivatives (up to n -1) of the Einstein function, it is sufficient to derive a recursion formula for the derivatives of the Einstein function in terms of its lower derivatives. However, in the case of the Griineisen function, a recursion formula for its derivatives was obtained both in terms of lower derivatives of G and in term s of G itself.
Computation of the Derivatives of the Einstein and Gruneisen Functions
Based on the formulas developed in the previous sections, the first fiv e derivatives of the Einstein and Griineisen functions are computed for the range 1 < x < 30 using a computer. Th e selection of the limits is that of a practical one. Above the Debye temp erature (x = 1) both fun c tions are relatively insensitive to temperature variations and approach unity as temperature increases. Below T = 8/30(x = 30) the values of the fun ctions become small and also the integral in the Griineisen function attains a constant value.
The Einstein function and its first five derivatives are computed using eqs (20), (27), (28), (29) The Griineisen function and its first five derivatives are computed using eqs (3), (13), (14), (15), (16), and (17), respectively. The results are given in table 5. The Griineisen fun ction expressed by eq (3) may be written as It may be noted that the only numerical method employed in the present computations is that for the evaluation of J5, the integral appearing in the Griineisen function. All other computations including those for the first five derivatives of the Griineisen and Einstein fun ctions represent mathematically closed forms and thus are not subject to errors common to numerical differentiation.
Summary
The Griineisen and Einstein functions appear in the mathematical expressions describing a number of thermodynamic and transport properties of matter. In order to improve the interpretation of experimental results and extend the application of the theories regarding these properties, a knowledge of the temperature derivatives of the above functions are needed. In the present study, mathematical expressions in closed form are derived for the derivatives of the Griineisen and Einstein functions. Also, the first five derivatives of both functions are computed and presented in tabular form. Since all the derivatives are obtained from mathematical relations of closed form, no errors inherent to numerical differentiation are introduced.
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